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1. As is well established the four-fermion models provide a useful tool 
for the description of low and intermediate energy physics of strong inter- 
actions [1-6]. They can be obtained from the full QCD by means of the 
integration over the gluon degrees of freedom. However, it requires the 
introduction of a dimensional scale, limiting the low energy region where 
the non-local character of fermion interactions due to exchange of gluons 
can be neglected. 

Furthermore, the Nambu-Jona-Lasinio (NJL) model has recently been 
used to introduce a dynamical symmetry breaking mechanism which is very 
important for high energy physics (see, for example [7, 8] and literature, 
cited there). 

The most popular and the simplest four-fermion model is the NJL model 
with the scalar and pseudoscalar types of fermion interaction only [1]. It 
has been frequently applied to obtain the dynamical symmetry breaking 
and to create bifermionic bound states (mesons) in a manner appropriate 
for the phenomenology of hadrons [3 - 5] . The effective potential and vac- 
uum condensate of four-fermion models on the light-cone have been com- 
puted as well [9]. Simultaneously, much attention has been paid for the in- 
vestigation of dynamical symmetry breaking in 3-dimensional four-fermion 
models [5, 6, 10]. There are different reasons for this. First, 3-dimensional 
theories are directly related to the high temperature limit of 4-dimensional 
ones [11, 12]. Second, it has very interesting non-trivial topological fea- 
tures [13, 14]. Third, 3-dimensional models are usually renormalizable in 
the large-N limit [5] . And, finally, there are some hints that they could be 
useful also in condensed matter physics [14]. 

It is quite natural to generalize the known results concerning four- 
fermion models for the case of curved spacetime. The phase structure 
of the NJL model in curved spacetime turned out to be nontrivial and the 
phase transition accompanied by the chiral symmetry breaking has been 
shown also to take place [15 - 17]. 

The extended NJL model, considered in [4-6], generalizes the results for 
the restricted one to the case when different kinds of fermion interactions 
are present in the effective Lagrangian. This means, strickly speaking, 
that the Thirring model (TM) [18], containing vector-like interactions of 
fermions, and the NJL model are combined to consider their effects simul- 
taneously. 
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However the TM is very interesting also by itself. It has been investi- 
gated in detail from different points of view (see, for example, review [19]). 
Its renormalizability has been proved in the d < 4 dimensions [6]. Its phase 
structure, dynamical symmetry breaking and dynamical mass generation 
have been analysed [20] as well. Also the gauged TM has been recently 
investigated both in curved [19] and in flat [19, 21] spacetimes. 

In the present paper we are dealing with the three-dimensional massless 
Thirring model in curved spacetime. Using the local momentum expansion 
[22] we obtain the linear curvature corrections for the effective potential 
of the composite auxiliary vector field. The creation of a non-zero chiral 
invariant vector-like bifermion condensate, taking place in flat spacetime, 
is shown to exist for the model with a finite cutoff above some critical 
value of the coupling constant (a similar phenomenon has been described 
in [23]). The positive spacetime curvature induces a second order phase 
transition making the vacuum expectation value of < ip'yp,ip > tend to zero. 
The phase structure of the model is discussed. 

2. We start from the action of the three-dimensional Thirring model in 
curved spacetime [19, 20]: 

S = J Sx^g {nlir{x)D,ilj - 2^(?^7aV^)(?7V)} , (1) 

where the covariant derivative is given by = + |cj"^^cra6, the 
local Dirac matrices 7^(x) are expressed through the usual flat ones 7a and 
tetrads e^, 7^(0:) = 7^6^(2:), Gab = |[7a5 7fe]5 the spin-connection has the 
form 

and N is the number of bispinor fields i/jn- Q 
Introducing the chiral invariant auxiliary field 

^ = - ^ (?^7» (2) 

^It should be noted that in the interaction term of (1) we don't care for the difference between Greek 
and Latin indices, corresponding to the curved and tangent flat spacetimes. This term can be written 
using the definition Aa = ej^^^ in the same form but with the Greek indices instead of Latin ones. 
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we have the following expression for the action (1): 

S = l £x^{i^j^D^^lj + f.A'^Aa + A«(V^7»}. (3) 

By a functional integration the effective potential is obtained in leading 
order of large- expansion according to: 

Ji^eff = -ixJ d^xy/^A^Aa -i\ndet{tY\x)D,^ + 7„^«}. (4) 
Defining now the effective potential for the constant auxiliary field Aa as 



one gets 

Veff = -^AaA'' + iSp\n<x\[i-f^ix)D^ + -faA'']\x>. 

Now we introduce the special Green function (GF) obeying the following 
equation: 

(i^D^ + 7a^" - s):cGix, x'- s) = 5{x - x'). (5) 
Then, neglecting an infinite constant, we find 

roo 

In < a;|[i7^L>^ + 7aA°]|a; >= G{x,x;s)ds, 

and for the effective potential we obtain: 

Veff = -^AflA" + iSp G{x, x; s)ds. 

The most convenient way to calculate the linear curvature corrections 
is to use the local momentum expansion, writing the spacetime quantities 
contained in the equation (5) by the help of Riemannian normal coordinates 
up to linear curvature accuracy in the following form [22]: 

Qf^uix) = r]^i, - iRf.pauV^y'' with y = x-x', 

Substituting these expressions into (5) we obtain the equation for the 
Green function G{x, x'; s): 

+ AaY - s G{x, x', s) = 6{x - x') 



Performing the expansion according to the degree of the spacetime cur- 



vature, G = Go + Gi + 
of equations: 



{i ^+ — s)Go{x,x', s) = 6{x — x'), 

(z ^+ 4 - s)Gi{x,x', s) + 



where G„ ~ R^, we receive the following chain 

(6) 



(7) 



Here and below we can forget about the difference between Greek and 
Latin indices because it lies beyond of linear curvature approximation. 

Equations (6) and (7) can be solved directly in the momentum repre- 
sentation: 



Goik) 



+ s 



1 



(8) 



12(g2_s2)2 3 (^2_g2)3 3 (^2. 

2 (g2-s2)2 3^ (g2_s2)3 

3 (g2-s2)2^3^ (g2_s2)3 



(9) 



where q^ = kp + Ap. 

Let us now, for simplicity, assume that our spacetime has constant cur- 
vature such that 

Then, calculating the trace over the spinor indices (the dimension of the 
fermion representation is supposed to be equal to four) and making a Wick 
rotation, one gets: 



R 



(27r)3 
3 



1 



[k + AY + s2 
k^-A^ 

+ 2- 



+ 



3s^ 



36 V((A; + yl)2 + s2)2 ((A; + ^)2 + s2)3jJ' 

where = AqA"' is the Euclidean square. Integrating over the angles (in 
momentum space) , we finally get the expression for the effective potential 
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in the model under consideration: 



42 



2A 



2^1 



+ -A^ln 
3 



A^ 



12A 



In 



A + yl 



A2 



A-A 
6 36 



(10) 



A + yl 



A- A 



where the parameter A is the upper cut off in the above momentum integral. 

There are two ways of explaining the introduction of this parameter. 
The first one is the standard renormalization cut off. Then, after renor- 
malization of the coupling constant A in the limit A 

1 _ 1 2A 

~ A~3^' 

we have 



00, 



(11) 



2A^ 



(12) 



and, hence, the Thirring model is the trivial one in this approximation. 

However, in general, four-fermion models may be considered as low en- 
ergy effective theories being derived from a more complete version of quan- 
tum field theory (QCD, for example). In this case the parameter A can be 
treated as a natural characteristic scale limiting the range, where our low 
energy approximation is valid, and then the Thirring model would describe 
some phenomenological effects of elementary particles physics. 

Keeping in mind these reasoning we can save A finite and obtain: 



2A 



R 



The creation of a non-zero vacuum expectation value of the vector-like 
bifermionic condensate A"- ~< (7/^7°?/;) > takes place if Vl'jj{Q) < 0. 
For i? = the critical value of coupling constant A is given by 

(14) 



2A 



Therefore, if A > Ac, a nonvanishing condensate 7^ appears. However, 
positive R makes Aa tend to zero if 

I)' 



> 8A2 1 



(15) 
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Furthermore, the equation of the critical hne dividing the R — X plane into 
two regions, characterized by zero and non-zero vacuum expectation value 
of < t/jjai' >i is determined by: 

Because of condition (15) we have the ordinary picture of second order 
curvature- induced phase transition where is the order paremeter. It is 
clearly illustrated by Figs. 1-3. 

Fig. 1 shows the dependence of v{a) = [V{a) — V{0)]/A^ on a = A/A 
for i? = 0. The curves 1, 2, 3, 4 correspond to the following values of 
p = AA = 12.5, 15.25, 16.5, 17. 

Fig. 2 represents the behaviour of the function v{a) (curves 1, 2, 3, 4) 
for different values of the curvature r = R/ h? = 0.8, 0.5, 0.3, for p = 17. 

Fig. 3 contains the three-dimensional plot of effective potential ^'(a, r) 
as a function of a and r simultaneously for p = 17 as well. 
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